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1. INTRODUCTION 
This paper is concerned with a new class of commutative Noetherian rings. 
Accordingly, all the rings considered in this paper will be commutative and 
have multiplicative identities. Such a ring is called trivial if it consists of just 
one (zero) element: it is to be understood that this possibility is excluded in 
any given situation unless the words “possibly trivial” are used to describe 
the ring concerned. In addition, almost all the rings discussed in the paper 
will be Noetherian, and the expression “local ring” will mean “Noetherian 
quasi-local ring”. It is to be understood that ring homomorphisms respect 
identity elements. 
The starting point for this discussion is the class of all Noetherian rings 
which can be expressed as homomorphic images of finite-dimensional 
Gorenstein rings. In recent years, several results have appeared about rings in 
this class. They occur, for example, in the theory of dualizing complexes, for 
Hartshorne [6, Chap. v] shows that such rings always possess dualizing com- 
plexes. Rings in the above class also feature prominently in the theory of the 
canonical module [7, Sect. 51, since a necessary and sufficient condition for a 
Cohen-Macaulay local ring R to possess a canonical module is that R be a 
homomorphic image of a Gorenstein local ring (see [12; 15, (1.5)], where a 
canonical module is called a Gorenstein module of rank 1). Jensen’s work on 
the vanishing of the right derived functors of the inverse limit functor provides 
another occurrence of the above-mentioned class of rings, for his Theorem 9.5 
[8] is proved under the hypothesis that the ring concerned lies in this class. 
This selection of illustrations suggests that the behavior of homomorphic 
images of finite-dimensional Gorenstein rings is, in some senses at least, very 
satisfactory. Now the class of excellent rings [5, Sect. 7.8; 10, Sect. 341 is one 
of the most satisfactory classes of Noetherian rings; but it would, of course, 
be ndive to hope that every homomorphic image of a finite-dimensional 
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Gorenstein ring is excellent, for there exists a regular local ring which is not 
excellent [lo, (34.B)]. Th e ring-theoretic definition of excellent ring given in 
[IO, Sect. 341 involves the condition of regularity in two places; while it is 
unrealistic to expect all homomorphic images of finite-dimensional Gorenstein 
rings to satisfy strong regularity requirements, it seems much more reasonable 
to hope that such rings satisfy the corresponding conditions with the word 
“regular” changed to “Gorenstein”. 
These considerations, together with the remarkably satisfactory properties 
of excellent rings, suggest that a worthwhile new class of Noetherian rings 
might be defined by changing to “Gorenstein” the above-mentioned two 
occurrences of the word “regular” in the definition of the class of excellent 
rings. This paper begins an investigation of this idea: the rings in the new 
class so obtained are called acceptable rings. The majority of the paper is 
devoted to showing that this class has two satisfactory properties: we shall 
show that every homomorphic image of a finite-dimensional Gorenstein ring 
is acceptable, and that the class of acceptable rings is stable under the important 
operations of formation of fractions and passage to finitely generated algebras. 
2. NOTATION, TERMINOLOGY, AND DEFINITION OF ACCEPTABLE RING 
Throughout Section 2, A will denote a Noetherian ring. The reader is 
referred to [l, Chap. 21 for explanation of the concepts of A-algebra and tensor 
product of A-algebras. 
DEFINITION 2.1. The Gorenstein locus of A, denoted by Gor(A), is the 
subset (p E Spec(A): A, is a Gorenstein local ring) of Spec(A). The regular 
locus of A, which will be denoted by Reg(A), is defined to be (p E Spec(A): 
A, is a regular local ring}. 
We shall be particularly interested in the situation in which Gor(A) is an 
open subset of Spec(A) in the Zariski topology. 
DEFINITION 2.2. A is said to be catenary if, for each pair of prime ideals 
p, q of A with p C q, all saturated chains [13, (1.8)] of prime ideals from p to q 
have the same length. A is said to be universally c&nary if every finitely 
generated A-algebra is catenary. 
It is easy to see that if A is universally catenary, then so also is every ring of 
fractions ofA and every finitely generated A-aIgebra. Also, well-known proper- 
ties of Gorenstein rings ensure that every homomorphic image of a Gorenstein 
ring is universally catenary (see, for example, [13, (2.3); 16, (2.9), (2.12)(i)]). 
Now let B be a second Noetherian ring and> A ---f B be a ring homomorphism, 
so that f provides B with the structure of an A-algebra. Let p be a prime ideal 
of A. We shall use k(p) (or K,(p)) to denote the residue field of the local ring A, ; 
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the field k(p) has a natural A-algebra structure. The possibly trivial A-algebra 
B QA k(p) will be called the fiber ring off over p. We shall make considerable 
use of the basic facts about fiber rings which are set out in [16, (2.2)]. 
Fiber rings are particularly interesting when the ring homomorphism f is 
flat (i.e., when B, regarded as an A-module by means off, is flat). An example 
of a flat ring homomorphism is provided by the natural ring homomorphism 4 
from a local ring R to its completion (which, in this paper, will be denoted 
by fi or (Rr); for a prime ideal q of R, the fiber ring of $ over q will be called 
the formal fiber of R over q. 
Next, we shall be interested in the concept of regular ring homomorphism 
between Noetherian rings ilO, Sect. 331; as we shall need to formulate the 
corresponding concept obtained by changing the word “regular” to “Goren- 
stein” throughout the definition, it is worthwhile recalling the details of the 
definitions of the relevant concepts. Let k be a field, and C be a Noetherian 
k-algebra. Then C is said to be geometrically regular over k if, for every finite 
extension field k’ of k, the ring C Ok k’ is regular. (A Noetherian ring T is 
said to be regular if T,, is a regular local ring for every prime ideal q of T [lo, 
p. 1401.) 
Now reconsider our homomorphism f: A -+ B of Noetherian rings. If p is 
a prime ideal of A, then the (possibly trivial) fiber ring B mA k(p) has a natural 
structure as a k(p)-algebra, and we may discuss whether B @A k(p) is geo- 
metrically regular over k(p). The above ring homomorphism is said to be regular 
if f is flat and, for each prime ideal p of A, the fiber ring B gA k(p) is either 
trivial or a geometrically regular k(p)-algebra. 
As mentioned above, we propose to formulate the analogous concept obtained 
by changing the word “regular” to “Gorenstein” throughout the definition. 
The following theorem of Watanabe, Ishikawa, Tachibana, and Otsuka is very 
relevant to this process. 
THEOREM 2.3 [17, Part II, Proposition 21. suppose k is a field and the 
Noetherian k-algebra C is a Gorenstein ring. Let k’ be a finitely generated field 
extension of k. Then C 8% k’ is a Gorenstein ring. 
This theorem has a simplifying effect on our situation, because it shows that 
the concept of “geometrically Gorenstein k-algebra” that would be produced 
by changing the word “regular” to “Gorenstein” in the above definition of 
“geometrically regular k-algebra” is exactly the same as the concept of 
Gorenstein k-algebra. Consequently, our proposed modification of the definition 
of regular ring homomorphism will produce exactly the concept of Gorenstein 
ring homomorphism which was formulated in [16, (2.3)]: the definition is 
repeated here for the benefit of the reader. 
DEFINITION 2.4. (B is a second Noetherian ring.) The ring homomorphism 
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f: A --f B is said to be a Gorenstein ring hotnomorphism if f is flat and all the 
nontrivial fiber rings off are Gorenstein rings. 
[lo, Sect. 341 characterizes excellent rings as follows. The (Noetherian) 
ring A is excellent if and only if the following three conditions are satisfied. 
(a) A is universally catenary; 
(b) whenever B is a finitely generated A-algebra, Reg(B) is open in 
Spec(B); and 
(c) for every prime ideal p of A, the natural (flat) ring homomorphism 
A, -+ (Ap)A is regular. 
We now modify this definition in accordance with the philosophy outlined 
in the Introduction to produce the following definition of acceptable ring. 
DEFINITION 2.5. The (Noetherian) ring A is said to be acceptable if the 
following three conditions are satisfied. 
(a) A is universally catenary; 
(b) whenever B is a finitely generated A-algebra, Gor(B) is open in 
Spec(B); and 
(c) for every prime ideal p of A, the natural (flat) ring homomorphism 
A, -+ (A$ is a Gorenstein ring homomorphism. 
The main aim of this paper is to show that the class of acceptable rings 
contains every homomorphic image of a finite-dimensional Gorenstein ring, 
and is stable under the operations of formation of fractions and passage to 
finitely generated algebras. We have already remarked that the class of universally 
catenary Noetherian rings (i.e., the class of Noetherian rings which satisfy 
condition (a) of Definition 2.5) has both these properties. In Section 3 (req. 
Sect. 5) we shall examine in detail the class of Noetherian rings which satisfy 
condition (b) (resp. (c)) of Definition 2.5. We end this section with the following 
easily established observation, which will be needed later in the paper. 
2.6. Suppose A is a homomorphic image of a $nite-dimensional Gorenstein 
ring. Then any ring which is either (i) a jinitely generated A-algebra or (ii) a riq 
of fractions of A is itself a homomorphic image of a finite-dimensional Gorenstein 
ring. 
3. OPENNESS OF THE GORBNSTEIN Locus 
We begin with the main theorem of Section 3; its proof uses some of tbe 
properties of Gorenstein modules developed in [14, 151. 
THEOREM 3.1. Assume that the Noetheriun ring A is a homomorphic image 
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of a jinite-dimensional (Noettkrian) Gorenstein ring B. 1 Then Gor(A) is an open 
subset of Spec(A). 
Proof. Let s denote the dimension of B, and let 4’: B -+ A be the given 
surjective ring homomorphism. We shall denote the support of an A-module M 
by SuppA( Th e d imension (resp. depth) of a local ring .R will be denoted 
by dim(R) (resp. depth(R)). 
Let p be a typical prime ideal of A, and let q = +-r(p), a prime ideal of B. 
Then + induces a surjective ring homomorphism d’: B, -+ A, (for which 
$‘(b/t) = C(b)/+(t) for b E B and t E B - q). For each nonnegative integer i, 
+ gives rise to a natural A-module structure on Ext,i(A, B), and +’ gives rise 
to a natural Ap-module structure on ExtiQ(A, , B,): a straightforward technical 
check shows that the Ap-modules [Ext,“(A, B)lp and Extig(A, , B,) are iso- 
morphic. Now B, is a Gorenstein local ring: it follows from [9, Sect. 21 that 
dim(B,) - depth(AP) is the greatest integer i such that Exti (AP , B,) # 0. 
Also, since B, is a Cohen-Macaulay local ring and dim(BJ -9dim(AP) is the 
height of the kernel of +‘, the theory of grade shows that dim(B,J - dim(Ap) 
is the least integer i for which Exti (AP , BJ # 0. 
Now suppose that our prime idi1 p of A belongs to Gor(A), so that A, is 
a Gorenstein local ring. Let t denote dim(B,) - dim(A,). Since, in particular, 
A, is a Cohen-Macaulay local ring, the considerations of the preceding para- 
graph show that [ExtBi(A, B)lp = 0 if and only if i # t. Let W denote the 
finitely generated A-module Extet(A, B), and let F be a finitely generated free 
A-module for which there is an A-epimorphism fi F + W. Let K denote the 
kernel off: K is a finitely generated A-module, and there is an exact sequence 
Now it follows from [14, 3.11 that W, is a Gorenstein Ap-module; hence, 
since A, is actually a Gorenstein local ring, [14, 4.11 shows that W, is a free 
Ap-module. Thus [ExtA1( W, K)lp E ExtiP( WP , KP) = 0. 
For each i = O,..., s let Vi = Spec(A) - Supp,(ExtBi(A, B)): as each 
Ext&A, B) is a finitely generated A-module, each Vi is an open subset of 
Spec(A). Let V = Spec(A) - Supp,(Ext,l(W, K)); this is also an open subset 
of Spec(A) because W and K are both finitely generated A-modules. Consider 
the open subset U of Spec(A) given by 
U=Vn i)Ui. 
[ I i=O 
i#t 
Our work above shows that p E U. We now show that U _C Gor(A): it wil1 
follow that Gor(A) is an open subset of Spec(A). 
Let p’ E U. Thus [ExtA1(W, K)lp, = 0 and [Ext,*(A, B)lp* = 0 for each 
i = 0, I,,.., t - 1, t + l,..., s. Since B is a Gorenstein ring of dimension s, 
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we have that ExtBi(A, B) = 0 for all i > S. Let q’ denote +l(p’), a prime ideal 
of B. The considerations of the second paragraph of this proof therefore show 
that t is the one and only integer ifor which Exti$A,, , B,,) # 0, and, more- 
over, that 
dim(B,,) - depth&,,) = t = dim(Q) - dim&,). 
Hence A,, is a Cohen-Macaulay local ring. 1114, 3.11 now shows that IV,, is 
a Gorenstein A,,-module. But Ext&(W,t , K,,) = 0, and so it follows that 
the A,,-homomorphism 
induced from the exact sequence 
0-K ~--+F,~%W~~--+O P 
is surjective. It follows that W,f is A, J-isomorphic toa direct summand of FP* ~ 
and hence is a (nonzero) free A, f-module. The A,<-module W,z therefore has 
a direct summand A,?-isomorphic to A,? . It follows from [14, 2.11 that .A,? is a 
Gorenstein Ap,-module, that is, A,, is a Gorenstein local ring. Thus n’ E Gor(A). 
It follows that U c Gor(A). This completes the proof. 
Remark. It would be interesting toknow whether the conclusion of Theo- 
rem 3.1 remains valid if the requirement hat B be finite-dimensional is deleted 
from the hypotheses. 
Use of 2.6 now yields the following corollary of Theorem 3.1. 
COROLLARY 3.2. Assume that the Noetherian &g A is a homomorphic image 
of a Jinite-dimensional (Noetherian) Gorenstein ring. Thez, whenever C is a $niteky 
generated A-algebra, Gor(C) is open in Spec(C). 
Our next result shows that the property of having open Gorenstein locus is 
preserved by a Gorenstein ring homomorphism. 
THEOREM 3.3. Let A and B be Noethwian rings a&f: A -+ B be a Goz,enstein 
ring homomorphism. 
(i) If Gor(A) is open in Spec(A), then Gor(B) is open in Spec(B). 
(ii) If Gor(B) . p 2s o en in Spec(B) and f makes B faithfully flat ovw A, then 
Gor(A) is open in Spec(A). 
Proof. Let q be a typical prime ideal of B, and let p =f”(q), a prime ideal 
of A. Then f induces a ring homomorphism f’: A, -+ B, for which 
f ‘W> = fHf(4 V or a E A, s f A - p); by [16, (2.5)], f’ makes 3, faithfully 
flat over A, . Moreover, by [16, (2.2)], the fiber ing off’ over the maximal 
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ideal pA, of A, is isomorphic to a localization of the fiber ring off over p, 
and so is a Gorenstein local ring. It therefore follows from [16, (241 that A, 
is a Gorenstein local ring if and only if B, is a Gorenstein local ring. 
(i) Assume that Gor(A) is open in Spec(A), so that there is an ideal a 
of A with Spec(A) - Gor(A) = (p E Spec(A): p 2 a}. It is now easy to check 
that Spec(B) - Gor(B) = (q E Spec(B): q > f (a)B), so that Gor(B) is open in 
Spec(B). 
(ii) Now assume that Gor(B) is open in Spec(B), and that f makes B 
faithfully flat over A. There is an ideal b of B such that Spec(B) - Gor(B) = 
(q E Spec(B): q > 6). We shall show that Spec(A) - Gor(A) = (p E Spec(A): 
p 2 f-l(b)}, from which the result will follow. 
First of all, let p E Spec(A) - Gor(A). S ince f makes B faithfully flat over A, 
there exists a prime ideal q of B such that f-l(q) = p. By the first paragraph of 
this proof, q E Spec(B) - Gor(B), so that q Z b. Hence p = f -l(q) 2 f-l(b). 
Second, suppose p is a prime ideal of A which containsf-r(b). Consideration 
of radicals now shows that there is a minimal prime ideal qr of the ideal b of B 
for which p 1 f -l(qr). Let p1 denote f -l(qr), a prime ideal of A. Since 
qr E Spec(B) - Gor(B), the first paragraph of this proof shows that 
p1 E Spec(A) - Gor(A). It follows that A, cannot be a Gorenstein local ring, 
for it has a localization which is isomorphic to ApI . Hence p E Spec(A) - Gor(A), 
as required. 
COROLLARY 3.4. Let A be a Noetherian ring foF which Gor(A) is an open 
subset of Spec(A). Let S be a multiplicatively closed subset of A which does not 
contain 0. Then Gor(S-IA) is an open subset of Spec(S‘-lA). 
Proof. This is immediate from Theorem 3.3(i): the natural flat ring homo- 
morphism 4: A -+ S-IA is a Gorenstein ring homomorphism because each 
nontrivial fiber ring of + is a field. Alternatively, this result could easily be 
proved directly. 
We are now in a position to show that property (b) of the definition of 
acceptable ring (Definition 2.5) is inherited by finitely generated algebras and 
by rings of fractions. 
COROLLARY 3.5. Assume that the Noetherian ring A has the property that, 
whenever C is a jkitely generated A-algebra, then Gor(C) is an open subset of 
Spec(C). Let A’ be either a finitely generated A-algebra or a ring of fractions of A. 
Then, whenever C’ is a jnitely generated Al-algebra, Gor(C’) is an open subset of 
Spec(C’). 
Proof. No comment is necessary for the case in which A’ is a finitely 
generated A-algebra; we therefore assume that A’ = S-IA, where S is a 
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multiplicatively c osed subset of A which does not contain 0. Let #: A -+ S-IA 
be the natural ring homomorphism, and let C’ be a finitely generated S-lA- 
algebra, with structural ring homomorphism 4: S-lA -+ C’. Let y1 ,..., yn be 
elements of C’ which generate C’ as an PA-algebra. The composite ring 
homomorphism # * 4: A -+ C’ furnishes C’ with the structure of an A-algebra: 
let C = (4~ * 4(4)[yl ,..., y ], the A-subalgebra of C” generated by y1 ,..., yn . 
By hypothesis, Gor(C) is open in Spec(C). It is easy to see that C’ is isomorphic 
to a ring of fractions ofC, and so it follows from Gorollary 3.4 that Gor(C’) is 
open in Spec(C’). 
Remark. It would be interesting to know whether a Noetherian ring A 
with the property that every finite A-algebra has open Gorenstein locus 
automatically has the property we have been examining, namely, that every 
finitely generated A-algebra has open Gorenstein locus. The corresponding 
question concerning regular loci has an affirmative answer (see [lo, (32.B)f). 
4. TECHNICAL RESULTS ABOUT GORRNSTEIN RING HOMOMORPHISMS 
The results ofthis section will be needed in Section 5. Throughout Section 4, 
A, 3, C denote Noetherian rings, and 4: A -+ B, $J: B -+ C are ring homo- 
morphisms. The proof of our first lemma is straightforward and left to the 
reader. 
LEMMA 4.1. Let a be a proper ideal of A for which +(a)B is a proper ideal 
of 3. Let $5 A/a+ B/[$(a)B] be the natural ring homomorphism induced by 9. 
(i) Let p be a prime ideal of A which contains a. Then the $ber r&g of $* 
over p/a is isomorphic to the$ber ring of + over p. 
(ii) If 4 is$at, then so too is +*. 
LEMMA 4.2. Let U (resp. V) be a multiplicatively closed subset of A (resp. B) 
which does not contain 0; assume that $(U) C V. Let gb’: iYA --+ V-lB be the 
ring homomorphism for which +‘(a/u) = $(a)/+(u) for a E A and u E U. Let p be 
a prime ideal of A such that p n U = o . Then V-lB ou-lA Ku.+{ Wp), thti 
J’iber ring of +’ over U-lp, is isomorphic to a ring of fractions of B aa kJp), the 
fiber ring of + over p. 
Proof. Let r: B + Bj[+(p)B] and CT: V-lB -+ V-lB/V-l[+(p)B] denote 
the natural surjective ring homomorphisms. Let S denote the image of A - p 
under the composition A -++ B -Q B/[$(p)B]. By [16, (22)(i)], 
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Observe that $‘( U-lp)V-l.B = V1[#(p)B]. Let T denote the image of 
U-IA - U-rp under the composition u * $‘; then 
V-1B go-IA kU-IA (U-lp) s T-I( V-lB/V-l[+(p)B]). 
It is therefore enough to show that T-l(V-lB/F1[$(p)B]) is isomorphic to a 
ring of fractions of W(B/[4(p)B]). 
Note that there is a ring homomorphism 
8: ~-lPIMPPI) --+ T-I( V-lB/ V-l[$(p)B]) 
such that e(z-(b)/~+(a)) = o(b/l)/~$‘(a/l) (for b E B and a E A - p). Let 
W = (m(u)/~$(a) E S-l(B/[+(p)B]): v E V and a E A - p>. 
Then W is a multiplicatively closed subset of S-l(B/[$(p)B]). It is now a 
straightforward matter to check that [l, 3.21 may be applied to the ring homo- 
morphism 0 to produce an isomorphism 
W-1(S-1(B/[4(p)BI)) si T-Y V-W W+(p)B]). 
The result follows. 
THEOREM 4.3. Consider the homomorphisms 
#A-+2? and #:B-+C 
of Noetherian rings. 
(i) If 4 and # are both Gorenstein ying homomorphisms, then so also is # . $. 
(ii) If 9 * 4 is a Gorenstein ying homomorphism and 4 makes C faithfully 
flat over B, then + is a Gorenstein ring homomorphism. 
(iii) If $ alzd # are both flat ring homomorphisms for which # . $ is a 
Gorenstein ring homomorphism, then # is a Gorenstein ring homomorphism. 
Proof. We begin by describing some notation which will be used in the 
proof of each of the three parts of this theorem. Let Q be a prime ideal of C, 
let #-l(Q) = q, a prime ideal of B, and let +-l(q) = p, a prime ideal of A. 
Then (# . +)-a (Q) = p. The ring homomorphism 4: A + B induces a local 
homomorphism of local rings +‘: A, -+ B, (for which &(a/~) = $(u)/+(s) for 
a E A, s E A - p). Similarly, let $‘: B, -+ C, and (# .$)‘: A, -+ CD be the 
local ring homomorphisms induced by 16 and $ * $, respectively. It is clear 
that (16 . d)’ = #’ .4’. It follows from [16, (2.5)] that if $ (resp. $, # * $) is flat, 
then so too is 4’ (resp. $‘, ($ . 4)‘); consequently, by 4.2, if # (resp. 4, # * 4) is 
a Gorenstein ring homomorphism, then so too is $’ (resp. $‘, (# * d)‘). 
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In addition, let 
denote the local homomorphism of local rings induced by $J’. Observe that 
I(# * 4)’ (+4,)]Ca = ($‘[+‘(pAp)B9])C~ ; consequently, it follows from 
Lemma 4.1 that if #’ is flat, then so too is $‘*, and also that if $I’ is a Gorenstein 
ring homomorphism, then so too is #‘*. Note also that 
the fiber ing of +’ over pA, , 
and 
(i) In this situation, [lo, (3.B)] h s ows that Z/J .# is flat. Let p be a prime 
ideal of A such that C aA Iz,(p) is not trivial: we must show that C BA k,(p) 
is a Gorenstein ring. To do this, it is enough (by [16, (2.211) to show that if Q 
is an arbitrary prime ideal of C for which (# 7 $)-I (Q) = p, then the fiber ing 
CD ga, k,(p) of the induced flat local ring homomorphism (+ . $)‘: A, -+ Cn 
over the maximal ideal of A, is a Gorenstein ring. This we shall do. 
Let q = z++(Q): we may now use the notation introduced in the first wo 
paragraphs of this proof. In this case, the hypotheses ensure that $‘, Z/J’, and $J’* 
are all Gorenstein ring homomorphisms. In particular, B QA k,(p) is a 
Gorenstein local ring, and so an application f[16, (2.911 to the Go&stein ring 
homomorphism #‘* shows that C, RAP k,(p) is a Gorenstein ring, as required. 
(ii) We can easily see that + is flat by using, for instance, [lo, (3.A), 
Theorem 1; (4.A), Theorem 21. In this case, the problem reduces to showing 
that, if q is a prime ideal of B and $-l(q) = p, then the fiber ing B, @A k,&) 
of the induced flat local ring homomorphism #: A, + B, over pAF is a 
Gorenstein ring. 
Since 16 makes C faithfully flat over B, there is a prime ideal Q of C such 
that #-l(Q) = q: we may now use the notation introduced in the first wo 
paragraphs of this proof. In this case, the hypotheses ensure that Cn BAP k,(p) 
is a Gorenstein local ring, and so an application f/16, [2.8)] to the flat local 
ring homomorphism #‘* shows that 3, aAp k,(p) is a Gorenstein ring, as 
required. 
(iii) This is proved in a similar manner. For this case, one needs to apply 
116, (2.10)] to the local ring homomorphism $J’* (using the notation of the first 
two paragraphs of this proof), and to use Lemma 4.1 to see that the fiber ing 
of 16’ over the maximal ideal of 23, is isomorphic to the fiber ing of $J’* over the 
maximal ideal of B,/[+‘(pA,) B,]. 
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5. WELL FIBERED RINGS 
Our first definition explains the above title. 
DEFINITION 5.1. Let A be a Noetherian ring. Then A is said to be well 
fibered if, for all prime ideals p of A, all the formal fibers of A, are Gorenstein 
rings. 
Our aim in Section 5 is to show that the class of well fibered rings contains 
every homomorphic image of a finite-dimensional Gorenstein ring, and is 
stable under the operations of formation of fractions and passage to finitely 
generated algebras. We begin with the easier aspects of this theory. Throughout 
Section 5, A will denote a Noetherian ring. 
5.2. Suppose A is well $bered and S is a multiplicatively closed subset of A 
which does not contain 0. Then each localization of S-IA is isomorphic to a localixa- 
tion of A; it follows that S-IA is wellfibered. 
PROPOSITION 5.3. Assume that A is well jibued, and let the ring B be a 
homomorphic image of A. Then B is well fibered. 
Proof. It is enough to show that if a is a proper ideal of A and p is a prime 
ideal of A which contains a, then all the formal fibers of (Ala),,, are Gorenstein 
rings. As (Ala),,, s A,/aA, , it is sufficient to show that all the formal fibers 
of the latter ring are Gorenstein rings. 
By hypothesis, the natural map A, -+ (A& is a Gorenstein ring homo- 
morphism. Hence, by Lemma 4.1, the induced ring homomorphism 
AM, - G%Jh/[~Ap&Jhl 
is also a Gorenstein ring homomorphism. However, [l 1, Chap. V, Theorem 61 
shows that this latter homomorphism provides the completion of A,/aA, . 
The result follows. 
COROLLARY 5.4. Assume that A is a Gorenstein ring, and that the ring B 
is a homomorphic image of A. Then B is welljbered. 
Proof. By Proposition 5.3, it is sufficient to show that the Gorenstein ring A 
is well fibered. Let p be a prime ideal of A. Then it follows from [16, (2.12)(v)] 
that the natural map A, -+ (Ap)h is a Gorenstein ring homomorphism. Hence 
A is well fibered, as required. 
The main outstanding task for this section is the proof that if A is well 
fibered and X is an indeterminate, then A[X] is well fibered also. Before under- 
taking this, we give a preparatory lemma. 
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LEMMA 5.5. Let B be a second Noetherian ring, let +: A -+ B be a Gorenstein 
ring homomorphism which makes B faithfully j?at over A, and assume that B is 
well jibered. Then A is well Jibered. 
Proof. Let p be a prime ideal of A. Since B is faithfully flat over A, there 
is a prime ideal q of B such that $-l(q) = p. Furthermore, by [16, (2.5)], 
$ induces a flat local homomorphism 4’: A, -+ B, (such that $‘(a/$) = ~(a)~~~s} 
for a E A and s E A - p); by Lemma 4.2, $’ is a Gorenstein ring homomorphism. 
Let (+)^: (Ap)* + (BJ’ be the continuous ring homomorphism induced by 
$’ which makes the diagram 
d’ 
P l 4 
i i 
7 0 
(AJ (“)* > (BJ 
(in which the two vertical maps are the canonical homomorphisms) commute. 
It follows from [2, Chap. III, Sect. 5.4, Proposition 43 that ($‘)^ is flat; as (4’)” 
is a local homomorphism, it makes (BJ faithfully flat over (A$. As B is 
well fibered, we now know that both cs and +’ are Gorenstein ring homomor- 
phisms. By Theorem 4.3(i), o * 4’ = (+‘)^ . T is a Gorenstein ring homomor- 
phism. But (6)” makes (BJ faithfully flat over (AJ’, and so it follows from 
Theorem 4.3(ii) that T is a Gorenstein ring homomorphism. Thus all the formal 
fibers of A, are Gorenstein rings; the result follows. 
The following consequence of Lemma 5.5 is of interest inits own right. 
COROLLARY 5.6. Assume that, for every maximal idealm of A, all the formal 
$bers of A,, are Gorenstein rings. Then A is well $bered. 
Proof. Let p be a prime ideal of A, and let m be a maximal ideal of A which 
contains p. By Cohen’s theorem [3, Corollary 2 to Theorem 151, the complete 
local ring (A,)* is a homomorphic image of a Gorenstein local ring, and SO, 
by Corollary 5.4, (A,,,)” is well fibered. Now the natural ring homomorphism 
A, -+ (&)^ makes (A,)” faithfully flat over A, and, by hypothesis, is a 
Gorenstein ring homomorphism. It therefore follows from Lemma 5.5 that A, 
is well fibered. Consequently, as A, g (A&,+ , all the formal fibers of A, 
are Gorenstein rings. The result follows. 
We are now in a position to prove the main theorem of Section 5. 
THEOREM 5.7. Suppose A is well $.bered. Then every $nitely generated 
A-algebra is well Jibered. 
Proof. In view of Proposition 5.3, it is sufficient toprove that if X is an 
indeterminate, then A[XJ is well fibered. Let q be a prime ideal of A[Xj: we 
must show that all the formal fibers of A[X’J, are Gorenstein rings. 
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Let p = A n q, a prime ideal of A, and let S = A - p, a multiplicatively 
closed subset of A, and therefore so also of A[XJ. Note that S-IA = A, , and 
that q n S = D, so that S-lq is a prime ideal of S-l{A[X]}. There is an obvious 
natural ring isomorphism 
6: S-l(A[XJ} --+ (S-lA)[Xj; 
if we let 2: denote the prime ideal S(S-rq) of (S-lA)[Xl, then there are ring 
isomorphisms 
4Xls z S-WX]},,, zz (S-lA)[XJ . 
Now 5.2 shows that WA is well fibered; it follows that, in order to show that 
all the formal fibers of A[Xj, are Gorenstein rings, we may make the additional 
assumption that A is local. This assumption will be made in what follows. 
Let T: A -+ A^  denote the natural injective ring homomorphism. Let 
T*: A[Xj-&[X’J b e t h e ring homomorphism which extends T and for which 
7*(X) = X. Consider the commutative diagram 
in which the vertical maps are the inclusions. By hypothesis, r is a Gorenstein 
ring homomorphism; also, by [16, (2.12)(i)], c is a Gorenstein ring homomor- 
phism. Hence, by Theorem 4.3(i), (J * T = T* * 71 is a Gorenstein ring homo- 
morphism. Now v is flat, and, as there is a natural isomorphism of A[X]- 
algebras 
it follows from [lo, (4.B)] that T* makes &Xl faithfully flat over A[X]. Hence, 
by Theorem 4.3(iii), T* is a Gorenstein ring homomorphism. 
Consider now the ring a[X]. By Cohen’s theorem, A^  is a homomorphic 
image of a finite-dimensional Gorenstein ring, and so, by 2.6, the same is true 
of A[X]. It follows from Corollary 5.4 that A^ [X] is well fibered; hence, by 
Lemma 5.5, A[X] is well fibered, and so all the formal fibers of A[X], are 
Gorenstein rings, as required. 
6. PROPERTIES OF THE CLASS OF ACCEPTABLE RINGS 
We begin with the theorems which achieve the two main aims of the paper. 
THEOREM 6.1. Assume that the ring A is a homomorphic image of a jinite- 
dimensional Gorenstein ring. Then A is izcceptable. 
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Proof. It was pointed out earlier (after Definition 2.2) that every homomor- 
phic image of a Gorenstein ring is universally catenary. The theorem therefore 
follows from Corollaries 3.2 and 5.4. 
THEOREM 6.2. Assume that the (Noetherian) ping A is acceptabb. Then ez;ery 
ring which is eitlzer (i) a jinitely generated A-algebra OY (ii) a ring of fracriom of A 
is also acceptable. 
PYOOJ. It was pointed out earlier (after Definition 2.2) that every ring of 
fractions of, and every finitely generated algebra over, a universally catenary 
(Noetherian) ring is again universally catenary. The theorem therefore follows 
from Corollary 3.5, 5.2, and Theorem 5.7. 
Theorem 6.1 shows that the class of acceptable rings is very extensive; 
however, the following example shows that not every Noetherian ring is 
acceptable. 
EXAMPLE 6.3. In [4], Ferrand and Raynaud have constructed an example 
of a local domain A of dimension 1 having the property that, if K denotes the 
field of fractions ofA, then A gA K, the formal fiber of A over the zero ideal, 
is not a Gorenstein ring. Consequently, A is an example of a Noetherian ring 
which is not acceptable. 
In the case of a local ring, the condition for acceptability can be simplified 
to some extent, as we now show. 
PROPOSITION 6.4. Let A and B be Noetherian rings and let 9: A + B be a 
Gorenstein ring homomorphism. Let C be a Jinitely generated A-algebra, so that 
B gA C, be&g a jkite2y generated B-algebra, is a Noethekn ring. Then the 
induced &g Jaombmorphism z): C -+ B @A C is also a Gorenstein ring homomor- 
phism. 
Proof. It is immediate from [lo, (3.C)] that Z/J is flat. Let fi A -+ C be the 
structural homomorphism. Let q be a prime ideal of C such that the fiber 
ring of # over q is not trivial. Let p =f-l(q)? a prime ideal of A. Since the 
diagram 
A “+B 
of ring homomorphisms (in which the right-hand vertical homomorphism is 
the obvious natural one) is commutative, the fiber ing of 4 over p is not trivial. 
Thus, by hypothesis, B aA k,(n) is a Gorenstein ring. 
The ring homomorphism f induces a local ring homomorphism f’: A, -+ C, 
4W44/1-18 
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(for which f’(a/s) =f(a)/f(s) f or a E A and s E A - p); this in turn induces 
a homomorphism of fields f”: Fz,(p) -+ K,(q); as C is finitely generated as an 
A-algebra, it is not difficult o see that fN makes K,(q) into a finitely generated 
field extension of J2A(p). 
We may regard K,(q) as a kJp)-algebra by means off”; as B aA JzA(p) has 
a K,(p)-algebra structure, we may form (B aA JzA(p)) &,A(p) K,(q); it follows 
from Theorem 2.3 that this latter ring is a Gorenstein ring, for, as remarked 
earlier, we already know that B Ba k,(p) is a Gorenstein ring. However, there 
are ring isomorphisms 
and so the fiber ring of # over q is a Gorenstein ring. The result follows. 
COROLLARY 6.5. Let A be a local ring, and assume that A is well Jibered. 
Let B be a finitely generated A-algebra. Then Gor(B) is an open subset of 
Spec(B). 
Proof. Let r: A+A be the natural ring homomorphism. By [lo, (4.B)], 
the induced ring homomorphism p: B -+ A aa B makes ABA B faithfully 
flat over B. Since v is a Gorenstein ring homomorphism by hypothesis, Proposi- 
tion 6.4 shows that p is a Gorenstein ring homomorphism. 
Next, observe that A @A B is a finitely generated A-algebra. By Cohen’s 
theorem, A is a homomorphic image of a Gorenstein local ring, and so A aa B 
is a homomorphic image of a finite-dimensional Gorenstein ring. Theorem 3.1 
now shows that Gor(A aA B) is open in Spec(A @A B). We may now apply 
Theorem 3.3(ii) to see that Gor(B) is open in Spec(B). 
The following corollary is an immediate consequence of Corollaries 5.6 
and 6.5. 
COROLLARY 6.6. Let A be a local ring. Then A is acceptable ;f and only ;f A 
is universally catenary and all its formal fibers are Gorenstein rings. 
Remark 6.7. It follows from Corollary 6.6 that an excellent local ring is 
acceptable. Of course, in view of the general philosophy underlying this paper, 
it would be very satisfactory if we could prove that every excellent ring is 
acceptable. However, this seems to the author to be quite a difficult problem: 
it reduces to showing that if the (Noetherian) ring A is excellent, then Gor(A) 
is an open subset of Spec(A); Grothendieck [5, (7.8.3)(iv)] has proved that, in 
these circumstances, the set {p E Spec(A): A, is a Cohen-Macaulay ring} is an 
open subset of Spec(A), but, at the time of writing, the present author has not 
succeeded in finding a suitable adaptation of Grothendieck’s argument which 
will show that Gor(A) is an open subset of Spec(A). 
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